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E NATIONAL COUNCIL OF TEACHERS
of mathematics has been advocating the impor-
tance of effective communication in classrooms
since the release of its Sandards documents

(NCTM 1989, 1991). This emphasis is echoed in
Ricarhds' s (1991) description of an inquiry classroom
(see dso, eg. Bal [1993]; Cobb, Wood and Y ackel
[1991]; Lampert [1990Q]). In this setting, the teacher’s
role is to guide the negotiation of classroom norms to
enable the teacher and student together to engage in
meaningful mathematical discussions, which include
asking questions, solving problems, posing conjectures,
and formulating and critiquing mathematical arguments.
Andincreased emphasison communicationin themath-
ematics classroom alows students the opportunity to
discuss and validate mathematical ideas and to make
and evaluate conjectures and arguments.

We find it particularly impor-
tant to focus on communication
when planning to teach statistical
data analysis. In recent years, sta
tistics hasreceived increased atten-
tion in many education reform
documents (cf. NCTM [1989,1991], Shaughnessy
[1992]). Such discussions center on the increasingly
prominent role of statistical reasoning in work, com-
munity, and home activities. Thetask for the students,
then, isto participate in both developing and critiquing
data-based arguments.

This article describes a classroom in which stu-
dents developed statistical understanding of explor-
atory data analysis through mathematical argument.
The session is taken from an eighth-grade classroom
in which we worked with students on adata-analysis
unit. The students had also participated with usin a
data-analysis unit during the fall semester of the pre-
vious year. Our overall goal was to develop two in-
structional sequences, one for seventh grade and one
for eighth grade, that focused on proactively support-
ing middle school students' development of statisti-
cal reasoning. As part of our efforts, we viewed the
development of mathematical argument as a funda-
mental aspect of the classroom environment. As a
result, the goal for the students development was
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twofold—to support their ability to reason statisti-
cally as they developed ways to create and justify
analyses of data.

Instructional Sequence

AS WE DESIGNED THE INSTRUCTIONAL SE-
quences, we tried to identify the “big ideas’ in statis-
tics. We hoped that these themes could guide the de-
sign of the sequenceand dlow usto avoid creating alist
of separate, loosely related topics that characterize
middle school curricula. Inindentifying the big ideas,
we focused on the notion of distribution. This empha-
sslet ustreat such concepts as mean, mode, and me-
dian and other ideas, including skewness and spread, as
characteristics of distributions. Our focus aso alowed
usto view various conventiona graphs, such as histo-
grams and box-and-whisker plots, as different ways of
structuring distributions. The instructional goal wasto
support students' ability toview dataasdistributed along
a space of possible values instead of as a set of indi-
vidua data points.

Indeveloping theinstructional sequences, wewere
aso guided by the idea that computer tools would be
essentia in supporting our goals. Such toolswould let
students organize, describe, and compare large sets of
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data. We also acknowledged the importance of students
understanding how to reason with graphical representa-
tions, such ashistogramsand box-and-whisker plots, with-
out concentrating instruction on the procedures for con-
structing these graphs. The computer tools that we de-
signed offered arange of ways to structure data that sup-
ported students’ ability to reason statistically while build-
ing toward conventiona graphs.

The classroom session described here used a com-
puter tool that displays data aong a horizontal axisasin
an axisplot. Thetool can display two data sets smulta-
neoudly, such as those in figure 1, adlowing for a com-
parative andlyss. Thetool aso includes anumber of op-
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Students were
then asked to

tions for structuring and analyzing data, some of which
are precursors to conventional methods. For example,
students in our classroom session used two options: (1)
partitioning the data into four equal groups so that each
group contains one-fourth of the data, as a precursor to
creating the box-and-whisker plot; and (2) partitioning
data into two equa groups so that each group contains
one-half the data. These two options, in addition to the
role of the computer tool, are described in greater detall
inthe later discussion of the class sesson.

In planning the instructional sequence, we reasoned
that students needed to develop arguments based on the
reasons for generating the data.
They asoneeded to developways
toandyzeand summarizethedata
to substantiate their arguments.
We anticipated that these goals

analyze SAT  couldbeachieved by developing

H instructiona tasks that involved

prepa ration describing adataset or analyzing

course data two or more data sets to make a
decision.

Classroom Session

THE CLASSROOM ROUTINE FOR OUR INSTRUC-
tional seguences began with introducing atask by talk-
ing through the data-creation process. If studentsdid not
collect thedatathemselves, it was still important for them
to discuss the reasoning behind the data-coll ection activ-
ity. Studentswould typically make conjecturesand offer
suggestions about the information necessary to makein-
formed decisons. They would discuss what data they
needed and how they might collect those data. These
discussonswere essentia in grounding the students’ rec-
ommendations or arguments in the context of the data-
analysis activity. After this discussion, the students
worked in pairsat their computer to conduct their analy-
ses, writing justifications for recommendations and de-
veloping graphs of the data to support their recommen-
dations. These justifications formed the basisfor subse-
guent whole-class discussions. A projection system al-
lowed studentsto display their data sets asthey discussed
their ways of organizing the data to support their deci-
sions.

Whole-class discussions often involved critiquing
these data-based argumentsto emphasi ze theimportance
of designing adequate reportsthat werejustified interms
of the task Situation. Many discussions centered on de-
veloping adequate arguments and graphs to substantiate
students' recommendations. These types of discussions
were initialy difficult for the students because of their
lack of experiencein engaging in mathemeatica argument.
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They had trouble distancing themselves from the class-
room and understanding what someone outsidetheir own
investigations would need to know. As a result, ther
explanationsoftenlacked detail; however, asstudents par-
ticipated in such discussions more often, they began to
support and articulate their arguments more effectively.

One of the task situations posed during the eighth-
grade sequence involved members of the parent-teacher
organization (PTO) in gathering data about two SAT
preparation courses so asto recommend the more benefi-
cid course. Students shared information about such pro-
grams and discussed why they might enroll. They then
generated alist of information needed to makeaninformed
decision about aprogram’ ssuccess and discussed how to
gather these data. Students were then asked to analyze
datafrom two programsin which the SAT scores of the
participantsat hecompletion of the programswere shown
onaxisplots(seefig. 1). Studentswere asked to usetheir
analyses to provide information that the PTO could use
in formulating its recommendation. In their preliminary
discussions, students reasoned that the “samples’ taken
from the two courses should have students of equal abil-
ity for the task to be reasonable; they operated under that
assumption as they conducted their analyses and devel-
oped their arguments.

After theinitial discussions, student pairs conducted
their analyses using the computers. At the end of class,
they wereasked to turnin reports based on their analyses.
The teacher reviewed these reports based on their analy-
ses. Theteacher reviewed these reportsto decide how to
orchestrate the whole-class discussion for the following
day. To help support students mathematical develop-
ment and to assist them in formulating coherent argu-
ments, the teacher began with one report that had the
potential to foster adiscussion about the adequacy of re-
ports and graphs. The report selected was based on the
notion of consistency, arguing that program 1 was better
because the scores of its participants were more consis-
tent. Thereport noted that most of the scoresin program
1 fell in arange of about 300 points, whereas the scores
in program 2 fell across amuch wider range.

After the report was read in class, Barry made the
following observation:

Barry. I'm not trying to put this way down, but |
don’t think it's a very good way to do on this particular
thing because on this, we' re not trying to pick out which
one is more consistent—-we want the highest grade
possible...you’ d rather have a higher chance of getting a
higher grade. That’ swhat you' relooking for, not consis-
tency.



Teacher. So you're saying, in this particular case,
for this particular problem, you're not sure that consis-
tency would be what you would want to know about.

Barry. Correct.

In earlier analyses, the notion of consistency had
emerged fromthe students' investigations. They had rea
soned that in some instances, being able to predict what
might happen was more important than having a* better
score” This notion first emerged in analyzing braking
distances of different cars. The students reasoned that
having a car that might stop quickly one time but dowly
another time was less preferable than having a car that
had aconsi stent breaking distance. Thetask context pro-
vided a basis for their argument. In this task, however,
Barry was challenging the notion of consistency as suffi-
cient to justify arecommendation. For him, consistency
was not as important as the “chance of getting a higher
grade.”

The teacher reproduced the graph from the report
onthewhiteboard (seefig. 2). Thetwo studentshad drawn
alineto show the shapeof thedata. Other studentsbegan
to discussthe adequacy of the graph. Oneof the students
who had worked on the report attempted to explain the
graph by arguing that the data points were “under the
ling” andfor program 1, “there satonrightinthemiddle’
but for program 2, “they’ revery spread out.” Hewent on
to add that with program 2, “you have achance of getting
redlly low or a chance of getting really high.”

Next, Marciaoffered her opinion about theadequacy
of thereport: “I think that way would work, but you have
to make a lot of choices. You have to decide whether
you want to go with onethat hasthe higher score but also
thelowest score, or if you want to go with theonethat is
more consistent.” The other students agreed that it ap-
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Fig. 2 Student graph of SAT preparation program data

peared from the graph that program 2 offers a greater
chance of a higher score but also the lowest score. Pro-
gram 1 offers more chance of having a score “in the
middle.” Because neither of these results gives informa-
tion about which program is better, however, the graph
and analysis offered what the students ultimately agreed
was an “inadequate” way of making arecommendation.
At this point, the teacher asked Sam and Robert to
sharetheir recommendation. In monitoring their activity
the previous day, the teacher saw that Sam and Robert
had first looked at the data sets partitioned into four equal
groups but had reasoned that the top 75 percent of each
data set was in the same range, so structuring the datain
that way was not useful. They then partitioned the data
into two equal groups and found that the top 50 percent
of program 2 was in a higher range than the top 50 per-
cent of program 1. Sam and Robert used this justifica
tion for selecting program 2. After they explained their
analysis, the teacher restated their recommendation and
highlighted their justification by marking the data sets
projected on the whiteboard as shown infigure 3.

Teacher. Their way was to do two equa groups. They
found that way helpful because the upper 50 percent of
thisgroup [pointing to dataon program 2] wasin arange
that was higher than the upper 50 percent of this group
[pointing to data on program 1].

[Marciaraises her hand.]

Teacher. Marcia, did you want to raise an issue about
their way?

{13 - -3 .
1200 1300 1400 1500 1600

Program 1

50%

i L1 v - S5 .
800 s00 1000 1100 1z00 1300 1400 1500 1600

Fig. 3 SAT preparation program data organized in two equal groups
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Marcia. The way they had it with four equal groups, he
said he didn’t get anything out of the four equal
groups....but if you look at it thisway [going to the board
and drawing on thediagram, asshowninfig. 4] you have
50 percent up here and 75 percent right here. I’'m saying
look at it the other way. Instead of using the 75 percent
wherethey arethe same, flip it over and do it where they
are different. That's what was bothering me when he
said he didn’'t get anything out of this.

Marcia s reasoning used the data as they would be
structured in a box-and-whisker plot. Shejustified why
program 2 should be recommended over program 1, by
reasoning about the proportions of each set of data that
fell in acertain range. From Marcid s point of view, the
lower 75 percent of program 1 wasin the samerange as
only the lower 50 percent of program 2; therefore, pro-
gram 2 had thebetter results. AsMarciaspoke, theteacher
drew on the whiteboard the ranges shown in figure 5.
When Marciafinished, other studentsin the class agreed
with her andysis. Their commentsincluded, “ Oh, wow!”
“Yeah, | see!” “Oh, now | see” “I got what she is say-
ing.” Unfortunately, the bell indicating that class was
over ended the discussion.

Concluding Remarks

IN THIS CLASS SESSION, THE DISCUSSION FO-
cused not only on theresults of the students' analyses but
also on what counted as an acceptable explanation. This
type of discussion supported the students development
of strong mathemeatical arguments. Asstudentsdiscussed
their justifications, they also developed ways of reason-
ing to support their analyses. The students came to un-
derstand that merely showing a graph and making arec-
ommendation areinsufficient. Therecommendation must
be justified in the context of the data.

In addition, the students developed language to use
in formulating arguments, as evidenced in the discussion
of consstency. This significant shift required the stu-
dents both to make a recommendation and to justify the
recommendation on the basis of their anadlysis. Thedis-
cussions emphasized the ways of structuring the data to
support the argument. It is interesting to note that stu-
dents often changed their initial judgments on the basis
of the whole-class discussions-their reasoning was con-
stantly being challenged and modified in light of others
arguments.

Indiscussing theexpectationsand obligationsof this
class, many students remarked that they felt as if they
were “al sort of learning together.” Other comments
showed theimportance of discussions; one student noted,



“[1] liked the discussions because | can shareideasand get
some back. Even when people disagree, it makes you
think.” In this setting, the students agreed that “every-
body issmart.” They commented, “Most of thetime, teach-
ersdon’t care about what you think, but in here we get to
shareour opinions-that’ sthewholediscussion.” For these
students, learning mathematics was not an individual ef-
fort but depended on the contributions of everyonein the
class. Their work was not complete after they had con-
ducted their analyses. They then had to work to under-
stand others’ analyses and question the recommendations
made on the basis of those analyses. Studentsalso viewed
the role of the teacher differently: “It's like the teacher
teaches you, but you a so teach the teacher.” Inthisway,
the students and the teacher contributed to establishing
classroom norms for explanations and justifications.

Engaging students in productive mathematical dis-
cussionsofteninvolves changing the students' ideasabout
what it means to know and do mathematics-t involves
engaging them in the process of change. Instead of the
teacher’s assuming the primary responsibility for class-
room discussions, students play an essentiad role in this
process. Thisstatement isnot to imply that theteacher is
no longer respons ble for the mathematics. The teacher’s
roleisexpanded toincludefacilitating discussionsinwhich
students explain and justify their mathematics. This out-
come is often accomplished when the teacher is aware of
students' different solution methods and can orchestrate a
discussion in which fundamental mathematical ideas and
ways of reasoning form the basis for argument. In this
way, students' communicating their mathematics becomes
the basisfor learning that is shared by al members of the
classroom community.
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